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We solve the gap equation for color-superconducting quark matter in the 2SC phase, including
both the energy and the momentum dependence of the gap, φ = φ(k0,k). For that purpose a
complex Ansatz for φ is made. The calculations are performed within an effective theory for cold
and dense quark matter. The solution of the complex gap equation is valid to subleading order in
the strong coupling constant g and in the limit of zero temperature. We find that, for momenta
sufficiently close to the Fermi surface and for small energies, the dominant contribution to the
imaginary part of φ arises from Landau-damped magnetic gluons. Further away from the Fermi
surface and for larger energies the other gluon sectors have to be included into Imφ. We confirm
that Imφ contributes a correction of order g to the prefactor of φ for on-shell quasiquarks sufficiently
close to the Fermi surface, whereas further away from the Fermi surface Imφ and Reφ are of the
same order. Finally, we discuss the relevance of Imφ for the damping of quasiquark excitations.
PACS numbers: 12.38.Mh, 24.85.+p
I. INTRODUCTION
Sufficiently cold and dense quark matter is a color superconductor [1, 2, 3, 4, 5, 6, 7, 8]. In the limit of asymptotically
large quark chemical potentials, µ ≫ ΛQCD, quarks are weakly coupled [9], and interact mainly via single-gluon
exchange. In this regime of weak coupling, the color-superconducting gap φ can be computed within the fundamental
theory of strong interactions, quantum chromodynamics (QCD) [10, 11, 12, 13, 14, 15]. It was first noticed in Refs.
[10, 11, 12] that in order to describe color superconductivity correctly it is crucial to take into account the specific
energy and momentum dependence of the gluon propagator in dense quark matter. It turned out that the long-ranged,
magnetic gluons generate a logarithmic enhancement in addition to the standard BCS logarithm and by that increase
the value of the gap at leading logarithmic order. Furthermore, due to the energy and momentum dependence of
the gluon propagator the gap also is a function of energy and momentum and therefore a complex quantity [16, 17].
Complex gap functions are well-known from the investigation of strong-coupling superconductors in condensed matter
physics for more than 40 years [18, 19, 20, 21].
The authors of Ref. [12] estimated the magnitude of the imaginary part of the color-superconducting gap for
massless quarks by considering the cut of the magnetic gluon propagator in the complex energy plane. They found
that Imφ = 0 on the Fermi surface and Imφ ∼ gReφ exponentially close to the Fermi surface, |k−µ| ∼ µ exp(−c/g)
where g ≪ 1 is the QCD coupling constant in the limit of weak coupling. One only has Imφ ∼ Reφ for quarks farther
away from the Fermi surface, |k − µ| ∼ gµ. Therefore, considering quarks exponentially close to the Fermi surface,
the approximation φ ≃ Reφ is valid for φ up to corrections of order g to the prefactor of φ, i.e., up to its subleading
order. However, the contribution of Imφ to φ through Reφ has not been estimated yet.
In this work we show that, in the 2SC phase and to subleading order, Imφ does not contribute to φ for quarks
exponentially close to the Fermi surface. To do so, all momentum and energy dependences of φ must be included
in the gap equation. The appropriate starting point for that is an energy- and momentum-dependent Ansatz for φ,
φ = φ(k0,k), where k0 and k are treated as independent variables. As known from the solution for Reφ, the integrals
over energy and momentum in the gap equation yield large logarithms, ln(µ/φ) ∼ 1/g, which cancel powers of g from
the quark-gluon vertices. Due to these logarithms one must actually compute or at least carefully estimate these
integrals in order to determine the importance of the various terms contributing to Reφ and Imφ. Moreover, for a
complete account, not only the magnetic cut but also the electric cut, as well as the poles of the gluon propagator,
have to be considered in the solution for Imφ. In order to illustrate the latter point, for energies just above the gluon
mass mg ∼ gµ one has Imφ ∼ g2µ ≫ Reφ due to a large contribution from the emission of on-shell electric gluons.
In order to estimate how this term feeds back into Reφ requires a careful analysis. Treating energy and momentum
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2as independent variables and solving the coupled gap equations for Imφ and Reφ self-consistently is therefore a
non-trivial problem and, moreover, leads to interesting insights.
To date, the gap function has never been calculated by treating energy and momentum independently. In Refs.
[12, 22, 23] it was assumed that the off-shell gap function is of the same order of magnitude as the gap on the
quasiquark mass-shell, φ(k0,k) ≈ φ(ǫk,k) ≡ φk. Furthermore, all contributions that are generated by the energy
dependence of the gap, i.e., by its non-analyticities along the axis of real energies, are neglected completely against
the non-analyticities of the gluon propagator and the quark poles. In Ref. [24] it was pointed out that at least in
order to calculate corrections of order g to the prefactor of the gap, its off-shell behaviour must be included. In
Refs. [2, 10, 17], on the other hand, the gap has been calculated within the Eliashberg theory [21]. In this model it
is assumed that Cooper pairing happens only on the Fermi surface. Following this assumption, the external quark
momentum in the gap equation is approximated by k ≈ µ. By additionally assuming isotropy in momentum space,
the gap becomes completely independent of momentum and a function of energy only, φ(ω,k) ≈ φ(ω, µ) ≡ φ(ω).
Originally, the Eliashberg theory was formulated in order to include retardation effects associated with the phonon
interaction between electrons in a metal. Since the energy that can be transfered between two electrons by a phonon
is restricted by the Debye frequency ωD, Cooper pairing is restricted to happen only at the Fermi surface [21]. In
quark matter, however, such an assumption is problematic if one is interested in understanding quark matter at more
realistic densities where the coupling between the quarks becomes stronger. In this case, quarks further from the
Fermi surface also participate in the pairing [25]. If color superconductivity is present in the cores of neutron stars,
the coupling is certainly strong, g ∼ 1, and a non-trivial momentum dependence of the gap cannot be neglected.
The present analysis is, strictly speaking, valid only at weak coupling. However, treating energy and momentum as
independent variables might still be helpful to catch some aspects of color superconductivity at stronger coupling.
Besides affecting the value of the energy gap φ at some order, Imφ also contributes to the damping of the quasiquark
excitations in a color superconductor. With respect to the anomalous propagation of quasiquarks, it is shown that
the imaginary part of the gap broadens the support around the quasiquark poles, see Eq. (18) below. This broadening
strengthens the damping due to the imaginary part of the regular quark self-energy, Σ, which is present also in the
non-colorsuperconducting medium [26, 27, 28, 29, 30].
This paper is organized as follows: In Sec. II the 2SC gap equation is set up within the effective theory derived in Ref.
[24]. In Sec. III the gap equation is first decomposed into its real and imaginary parts and then solved to subleading
order, cf. the schematic outline given after Eq. (33). It is shown that Imφ contributes to φ at sub-subleading order
for quarks exponentially close to the Fermi surface and that Imφ ∼ Reφ at |k − µ| ∼ gµ, which justifies previous
calculations. Furthermore, an analytical expression for Imφ is given, see Eq. (91) below. In Sec. IV the conclusions
and an outlook are given. A somewhat more detailed presentation can be found in Ref. [16].
The units are h¯ = c = kB = 1. 4-vectors are denoted by capital letters, K
µ = (k0,k), with k being a 3-
vector of modulus |k| ≡ k and direction kˆ ≡ k/k. For the summation over Lorentz indices, we employ a metric
gµν = diag(+,−,−,−) and perform the calculations within a compact Euclidean space-time with volume V/T , where
V is the 3-volume and T the temperature of the system. Since space-time is compact, energy-momentum space
is discretized, with sums (T/V )
∑
K ≡ T
∑
n(1/V )
∑
k. For a large 3-volume V , the sum over 3-momenta can be
approximated by an integral, (1/V )
∑
k ≃
∫
d3k/(2π)3. For bosons, the sum over n runs over the bosonic Matsubara
frequencies ωbn = 2nπT , while for fermions, it runs over the fermionic Matsubara frequencies ω
f
n = (2n+ 1)πT .
II. SETTING UP THE COMPLEX GAP EQUATION
The complex gap equation is set up within the effective theory derived in Ref. [24]. This has three major advantages
over a treatment in full QCD: Firstly, self-consistency of the solutions of the Dyson-Schwinger equations for the quark
and gluon propagators is only required for those momentum modes considered as relevant for the physics of interest.
In full QCD, on the other hand, self-consistency has to be maintained for all degrees of freedom. Secondly, by a
special choice of the cutoffs for relevant quarks and gluons, Λq and Λgl, one can implement the kinematics of quarks
scattering along the Fermi surface into the effective theory. Considering quarks with momenta |k−µ| < Λq as relevant
degrees of freedom, one can define the projector onto these modes in Nambu-Gor’kov space as [24]
P1(K,Q) ≡
(
Λ+k 0
0 Λ−k
)
Θ(Λq − |k − kF |) δ(4)K,Q , (1)
where Λek ≡ (1+eγ0γ · kˆ)/2 projects onto states with positive (e = +) or negative (e = −) energy (quark masses being
neglected). The quark modes far away from the Fermi surface as well as antiquarks have the projector P2 ≡ 1 − P1.
They are integrated out and are contained in the couplings of the effective theory. For the gluons we introduce the
3projector
Q1(P1, P2) ≡ Θ(Λgl − p1) δ(4)P1,P2 . (2)
Consequently, relevant gluons are those with 3-momenta less than Λgl, while gluons with larger momenta, correspond-
ing to Q2 ≡ 1−Q1, are integrated out. Choosing the cutoffs according to
Λq <∼ gµ≪ Λgl <∼ µ (3)
the energy of a gluon exchanged between two quarks is restricted by p0 < Λq. Its momentum, on the other hand,
can be much larger, since p < Λgl. This reflects the fact that quarks typically scatter along the Fermi surface and,
due to the Pauli principle, do not penetrate deeply into the Fermi sea. In addition to that, gluons with p0 ≪ p have
the property that they are not screened in the magnetic sector and therefore dominate the interaction among quarks.
The third advantage of this effective theory is that by expanding the numerous terms in the gap equation in terms of
Λq/Λgl ∼ g one can systematically identify contributions of leading, subleading, and sub-subleading order. This was
demonstrated explicitely in [24] for the real part of the gap equation. Similarly, also the terms in the complex gap
equation can be organized in this way. Obviously, the separation of the scales φ , gµ, and µ is rigorously valid only
at asymptotically large values of the quark chemical potential, where g ≪ 1. In the physically relevant region, µ <∼ 1
GeV and g ∼ 1, this scale hierarchy breaks down. For that case, more suitable choices for cutoff parameters have
been suggested [31].
The Dyson-Schwinger equation for relevant quarks and gluons can be derived in a systematic way using the Cornwall-
Jackiw-Tomboulis (CJT) formalism [32]. For the quarks one finds
G−1 =
(
[G+]−1 0
0 [G−]−1
)
+
(
Σ+ Φ−
Φ+ Σ−
)
. (4)
Here [G+]−1 is the inverse tree-level propagator for quarks and [G−]−1 is the corresponding one for charge-conjugate
quarks. These effective propagators differ from the QCD tree-level propagator [G±0 ]
−1(K) ≡ K/ ± µγ0 by additional
loops of irrelevant quark and gluon propagators. In Ref. [24] it is shown that to subleading order in the gap equation
these loops can be neglected, [G±]−1 ≃ [G±0 ]−1. The regular self-energy for (charge-conjugate) quarks is denoted
as Σ±. The off-diagonal self-energies Φ±, the gap matrices, connect regular with charge-conjugate quark degrees of
freedom. A non-zero Φ± corresponds to the condensation of quark Cooper pairs. Equation (4) can be formally solved
for G,
G ≡
( G+ Ξ−
Ξ+ G−
)
, (5)
where
G± ≡
{
[G±]−1 +Σ± − Φ∓ ([G∓]−1 +Σ∓)−1Φ±}−1 (6)
is the propagator describing normal propagation of quasiparticles and their charge-conjugate counterpart, while
Ξ± ≡ − ([G∓]−1 +Σ∓)−1Φ±G± (7)
describes anomalous propagation of quasiparticles, which is possible if the ground state is a color-superconducting
quark-quark condensate, for details, see Ref. [5]. To subleading order, it is sufficient to approximate the propagator
of the soft gluons by the HDL-resummed propagator ∆HDL instead of solving the corresponding Dyson-Schwinger
equation [33], while for the hard gluons one may use the free propagator ∆0,22 [24]. The index 22 indicates that this
propagator describes the propagation of a hard gluon mode. One has in total
∆µνab (P ) ≡ [∆HDL]µνab (P ) θ(Λgl − p) + [∆0,22]µνab (P ) θ(p− Λgl) . (8)
In the mean-field approximation [22] the Dyson-Schwinger equation for the gap matrix Φ+(K) reads
Φ+(K) = g2
T
V
∑
Q
∆µνab (K −Q) γµ(T a)T Ξ+(Q) γνT b , (9)
cf. Eq. (97) in Ref. [24]. As discussed above, in the effective theory the sum runs only over relevant quark momenta,
µ−Λq ≤ q ≤ µ+Λq. Due to the dependence of the gluon propagators ∆HDL and ∆0,22 on the external quark energy
4momentum K in Eq. (9), the solution Φ(K)+ must be energy-dependent itself. Hence, solving the gap equation self-
consistently requires an energy-dependent Ansatz for the gap function. To subleading order in the gap equation, the
contribution from the regular self-energies Σ± can be subsumed by replacing q0 → q0/Z(k0) in the quark propagators
[34], where
Z(k0) =
(
1 + g¯2 ln
M2
k20
)−1
(10)
is the quark wave-function renormalization factor [28, 30], with
g¯ ≡ g
3
√
2π
, (11)
and
M2 ≡ 3π
4
m2g , m
2
g ≡ Nf
g2µ2
6π2
. (12)
The effect of ImΣ on Reφ has been studied in Ref. [29], where it is shown that ImΣ suppresses the formation of quark
Cooper pairs. The corresponding corrections, however, are shown to enter Reφ only beyond subleading order. In the
following it will be assumed that ImΣ enters Reφ through Imφ also only beyond subleading order. Consequently,
ImΣ will be neglected completely. This is self-consistent since it turns out that Imφ itself contributes only beyond
subleading order to Reφ. The main contributions to Imφ are expected to arise from the energy dependence of the
gluon propagator, and not from ImΣ. This amounts in neglecting the cut of the logarithm in Eq. (10) when performing
the Matsubara sum in the complex gap equation (9).
For the sake of definiteness, a two-flavor color superconductor is considered, where the color-flavor-spin structure
of the gap matrix is [5, 24]
Φ+(K) = J3τ2γ5 Λ
+
k Θ(Λq − |k − µ|)φ(K) . (13)
The matrices (J3)ij ≡ −iǫij3 and (τ2)fg ≡ −iǫfg represent the fact that quark pairs condense in the color-antitriplet,
flavor-singlet channel. Then the anomalous propagator reads
Ξ+(Q) = J3τ2γ5 Λ
−
q Θ(Λq − |q − µ|)
φ(Q)
[q0/Z(q0)]2 − ǫ2q
, (14)
where
ǫk =
√
(k − µ)2 + φ2 . (15)
Here we employed the analytical continuation |φ|2 → φ2 [17, 19, 21]. Besides its poles at q0 = ±Z(ǫq)ǫq ≡ ±ǫ˜q the
anomalous propagator Ξ+ obtains further non-analyticities along the real q0-axis through the complex gap function
φ. As presented more explicitly in Appendix A, the energy dependence of the gap function φ(K) gives rise to a
non-trivial spectral density
ρφ(ω,k) ≡ 1
2πi
[φ(ω + iǫ,k)− φ(ω − iǫ,k)] , (16)
which is directly related to the imaginary part of the gap function via
Imφ(ω + iǫ,k) = π ρφ(ω,k) . (17)
For the spectral density of the anomalous quark propagator this yields
ρΞ(ω,q) ≡ 1
2πi
[Ξ(ω + iη,q)− Ξ(ω − iη,q)]
= −Z2(ω)P ρφ(ω,q)
ω2 − [Z(ω)ǫq]2 − sign(ω)Z
2(ǫ˜q)Reφ(ω + iη,q) δ
(
ω2 − ǫ˜2q
)
, (18)
where the cut of Z(ω) has been neglected. Also the non-analyticities of ǫq can be neglected: In the region |k−µ| ∼ φ
one has φ ≈ Reφ, whereas for |q − µ| ∼ g µ ≫ φ it is ǫq ≃ |q − µ|. Hence, in Eq. (18) and in the gap equation (9)
one may write ǫq ≃
√
(q − µ)2 + (Reφ)2, which is continuous across the real energy axis. From Eq. (18) it becomes
5obvious that ρφ(ω,q) 6= 0 leads to a broadening of ρΞ(ω,q) around the quasiparticle pole at ω ≡ ǫ˜q. However, in
order to describe the damping of quasiquarks self-consistently, it is necessary to include ImΣ. Further interesting
details of the damping due to Imφ can be found in the recent analysis of Ref. [17]
Inserting Eq. (14) into Eq. (9), multiplying from both sides with J3τ2γ5Λ
+
k , and tracing over color, flavor, and Dirac
degrees of freedom, one finds with [∆0,22]
µν
ab ≡ δab∆µν0,22 and [∆HDL]µνab ≡ δab∆µνHDL
φ(K) =
g2
3
T
V
∑
Q
Trs
(
Λ+k γµΛ
−
q γν
)
∆µν(K −Q) ∆˜(Q)φ(Q) , (19)
where the remaining traces run over the internal Dirac indices. For convenience, the quark propagator
∆˜(Q) ≡ Z
2(q0)
q20 − [Z(q0) ǫq]2
=
1
2ǫ˜q
∑
σ=±
σ Z2(q0)
q0 − σZ(q0) ǫq (20)
has been introduced. Before the actual solution of Eq. (19) in the next section, we first discuss the power-counting
scheme of the gap equation in weak coupling. In order to fulfill the equality in Eq. (19), the integration over energy
and momentum on the r.h.s. must yield terms of the order φ/g2. After combination with the prefactor g2 they are of
order φ, which is the leading order in the gap equation. Accordingly, terms of order g φ are of subleading order and
terms of order g2φ are of sub-subleading order. Until now, the color-superconducting gap is known up to subleading
order, i.e., up to corrections of order g to the prefactor of the gap [5].
III. SOLVING THE COMPLEX GAP EQUATION
A. Derivation of the coupled gap equations of Reφ and Imφ
In order to derive of the coupled gap equations of Reφ and Imφ we first rewrite the Matsubara sum in Eq. (19) as
a contour integral,
Mℓ,t(k0,p,q) ≡ T
∑
q0 6=k0
∆ℓ,t(Q−K)∆˜(Q)φ(Q) =
∫
C
dq0
2πi
1
2
tanh
( q0
2T
)
∆ℓ,t(Q−K)∆˜(Q)φ(Q) , (21)
where p = q − k and ∆ℓ denotes the longitudinal and ∆t the transverse gluon propagator in pure Coulomb gauge,
cf. App. B. The contribution at q0 = k0, where the cut of the gluon propagator is located, has to be omitted. The
contour C is shown in cf. Fig. 1. In order to introduce the spectral densities of the gap function and of the magnetic
q0
k0q  =0
C
FIG. 1: The contour C in Eq. (21) encloses the poles of tanh[q0/(2T )] on the imaginary q0 axis. The additional poles and the
cut at q0 = k0 arise from the gluon propagator, while the two poles on the real axis are due to the quasiquarks, cf. Eq. (18).
The yet undetermined non-analyticities of the gap function on the real q0−axis are indicated by the shaded area.
and longitudinal gluon propagators the contour C is deformed corresponding to Fig. 2. The contour integral can now
6q0
k0q  =0
FIG. 2: Deforming the contour C to introduce the spectral densities of ∆ℓ,t and φ, cf. Eq. (22).
be decomposed into three parts
Mℓ,t(k0,p,q) = Iℓ,t∞ + Iℓ,t0 + Iℓ,tk0 . (22)
The first part, I∞, is the integral along a circle of asymptotically large radius. It can be estimated after parameterizing
dq0 = i|q0|eiθdθ and considering the limit |q0| → ∞. To this end we write without loss of generality, cf. Appendix A,
φ(K) ≡ φ˜(K) + φˆ(k) , (23)
so that the energy dependence of φ(K) is contained in φ˜(K). For asymptotically large energies, |k0| → ∞, we require
that φ˜(K)→ 0 and φ(K)→ φˆ(k), where φˆ(k) is a real function of k only. Furthermore, we have ∆ℓ(Q−K)→ |q−k|−2
and ∆t(Q − K) → −q−20 , cf. Eq. (B2). It follows that the longitudinal contribution Iℓ∞ ∼ q−10 and the transversal
It∞ ∼ q−30 , and hence that in total Iℓ,t∞ → 0. The integral Iℓ,t0 runs around the axis of real q0,
Iℓ,t0 =
∞∫
−∞
dq0
2πi
1
2
tanh
( q0
2T
)
∆ℓ,t(Q−K)
[
∆˜(q0 + iη,q)φ(q0 + iη,q)− ∆˜(q0 − iη,q)φ(q0 − iη,q)
]
. (24)
Applying the Dirac identity and using Eq. (16) and φ(ω + iη) + φ(ω − iη) = 2Reφ(ω) one obtains
Iℓ,t0 =
1
2ǫ˜q
∑
σ=±
σPσǫ˜q
∞∫
−∞
dq0
1
2
tanh
( q0
2T
)
∆ℓ,t(q0 − k0,p)Z2(q0)ρφ(q0,q)
q0 − σǫ˜q
− 1
2ǫ˜q
1
2
tanh
(
ǫ˜q
2T
)
Z2(ǫ˜q)Reφ(ǫ˜q,q)
∑
σ=±
∆ℓ,t(σǫ˜q − k0,p) , (25)
where Px denotes the principal value with respect to the pole at x. The first term arises from the non-analyticities of
the gap function, cf. Eq. (16), and the second from the poles of the quark propagator at q0 = ±ǫ˜q, cf. Eq. (20).
The last integral Iℓ,tk0 circumvents the non-analyticities of the gluon propagator as well as the pole of tanh. One
finds
Ik0 =
1
2ǫ˜q
∑
σ=±
σP0
∞∫
−∞
dq0
1
2
coth
( q0
2T
)
φ(q0 + k0,q)Z
2(q0 + k0)
ρℓ,t(q0,p)
q0 − σǫ˜q + k0
−T ∆ℓ,t(0,p) ∆˜(k0,q)φ(k0,q) . (26)
The first term is due to the non-analyticities of the longitudinal and magnetic gluon propagators, ∆ℓ,t. The second
arises from the pole of coth(q0/2T ) at q0 = 0 and corresponds to the large occupation number density of gluons in
the classical limit, q0 ≪ T . This contribution has been shown to be beyond subleading order [12] and will therefore
be discarded in the following.
7After analytical continuation, k0 → ω+iη, the Dirac identity is employed in order to split the complex gap equation
(19) into its real and imaginary part. For its imaginary part one finds using Eqs. (25,26) and using the fact that
Reφ(q0) and Z
2(q0) are even functions
ImMℓ,t(ω + iη,p,q) = − π
4ǫ˜q
Reφ(ǫ˜q,q)Z
2(ǫ˜q)
∑
σ=±
σρℓ,t(ω − σǫ˜q,p)
[
tanh
(
σǫ˜q
2T
)
+ coth
(
ω − σǫ˜q
2T
)]
+
π
4ǫ˜q
∑
σ=±
σP
∞∫
−∞
dq0
ρℓ,t(ω − q0,p)ρφ(q0,q)
q0 − σǫ˜q Z
2(q0)
[
tanh
( q0
2T
)
+ coth
(
ω − q0
2T
)]
≡ ImMℓ,tA (ω + iη,p,q) + ImMℓ,tB (ω + iη,p,q) . (27)
The first term on the r.h.s of Eq. (27), ImMℓ,tA , contains all contributions to φ(K) that have already been considered
in previous solutions to subleading order. Here the gap function is always on the quasiparticle mass-shell. The second
term, ImMℓ,tB , is due to the non-analyticities of φ(K). It has been neglected in all previous treatments due to the
approximation
ρΞ(ω,q) ≃ −sign(ω)Reφ(ǫ˜q + iη,q)Z2(ǫ˜q) δ
(
ω2 − ǫ˜2q
)
, (28)
cf. Eq. (41) in Ref. [12]. By doing so, one always forces the gap function on the r.h.s. of the gap equation on the
quasiparticle mass-shell. The gap equation takes then the standard form, cf. Eq. (19) of Ref. [34]. The occurrence of
the external energy ǫ˜k on the r.h.s. due to the energy-dependent gluon propagators indicates that the solution still
possesses some energy dependence although not provided by the Ansatz.
In the limit of small temperatures, T → 0, the hyperbolic functions in Eq. (27) simplify, yielding for ω > 0
ImMℓ,tT=0(ω + iη,p,q) =
π
2ǫ˜q
[
− Z2(ǫ˜q)Reφ(ǫ˜q,q) ρℓ,t(ω − ǫ˜q,p) θ(ω − ǫ˜q)
+
∑
σ=±
σP
ω∫
0
dq0
ρℓ,t(ω − q0,p)ρφ(q0,q)
q0 − σǫ˜q Z
2(q0)

 (29)
≡ ImMℓ,tA,T=0(ω + iη,p,q) + ImMℓ,tB,T=0(ω + iη,p,q) . (30)
Inserting the Matsubara sums ImMℓ,tA,B back into Eq. (19),
Imφ(ω + iη,k) =
g2
3
∫
d3q
(2π)3
∑
r=ℓ,t
Trrs(k, p, q) [ImMrA(ω + iη,p,q) + ImMrB(ω + iη,p,q)] (31)
≡ A(ω + iη,k) + B(ω + iη,k) , (32)
we have finally derived the gap equation for Imφ(ω + iη,k). The traces over Dirac space are given by
Trℓs(k, p, q) =
(k + q)2 − p2
2 k q
, (33a)
Trts(k, p, q) = −2−
p2
2 k q
+
(k2 − q2)2
2 k q p2
. (33b)
We found that the imaginary part of the gap function can be split into a term A(ω + iη,k) which contains all
contributions of the real part of the gap function on the quasiquark mass-shell, and a term B(ω+ iη,k) which contains
all new contributions with the imaginary part of the gap function off the quasiparticle mass-shell, cf. Eq. (32). In the
following it will be checked whether the known solution for Reφ(ǫ˜k,k), which neglects the contributions contained in
B, is self-consistent to subleading order. To this end, we can use the leading order solution for Reφ(ǫ˜k,k), which is
given by [5]
φ(y) ≡ φ sin
(π y
2
)
, (34)
where φ denotes the value of the gap function on the Fermi surface to leading logarithmic order in g [10]
φ ∼ µ exp
(
− π
2 g¯
)
. (35)
8ω <∼ Λ1 ω ∼ Λ1>y>g¯ ω ∼ Λg¯>y>0 ω ∼ mg + Λ1>y>0 M
<
∼ ω
<
∼ 2µ
dominant gluons t-cut t-cut t, ℓ-cut ℓ-pole t-pole
A g2φ g φ cos
(
π y
2
)
g φ g φ
(
M
φ
)y
g φ
B g2A g2A gA g2A gA
H [A] g2φ φ g φ φ g φ
H [B] g4φ g2φ g2φ g2φ g2φ
TABLE I: Estimates for the terms A and B, cf. Eq. (32), and for H [A] and H [B], cf. Eq. (37), for different energy scales and
|k − µ| ≪M . The gluon sectors dominating the respective energies are indicated.
The variable 0 ≤ y ≤ 1 defines the distance from the Fermi surface through the mixed scale
Λy ≡ φyM1−y , (36)
where M ∼ gµ is defined in Eq. (12). A given value of y corresponds to momenta k with |k − µ| ∼ Λy. Note
that Λ1 = φ and Λ0 = M . Furthermore, we have Λg¯ ∼ e−π/2M , which is smaller but still of the order of M .
Correspondingly, we refer to quarks with momenta |k − µ| ∼ Λ1≤y<g¯ as exponentially close to the Fermi surface and
to quarks with |k − µ| ∼ Λg¯≥y≥0 as farther away from the Fermi surface. Inserting φ(y) into A(ω + iη,k) one can
estimate A(ω + iη,k) for different energy and momentum regimes. This is done in Sec. III B. In the second iteration
the part B(ω + iη,k) is estimated by inserting ρφ ≃ A/π into the expression for B(ω + iη,k), which is done in Sec.
III C. In Sec. III D these estimates are used to write
Re φ˜(ǫk,k) =
1
π
P


Λ1∫
0
+
Λg¯∫
Λ1
+
Λ0∫
Λg¯
+ · · ·

 dω ∑
σ=±
A(ω + iη,k) + B(ω + iη,k)
ω − σǫk , (37)
cf. Eq. (A7a), where the integral over ω has been split according to the different energy regimes of the estimates
for A and B, cf. Table I. Then, according to the discussion after Eq. (20), terms of order gnφ contribute to the
(sub)n-leading order to Re φ˜(ǫk,k). The main results of this analysis are summarized in Table I for momenta close
to the Fermi surface, |k − µ| ≪M . The columns correspond to the various energy regimes of these estimates. In the
first line the dominant gluon sectors are given. The cut of the transversal gluons gives the dominant contribution to
A and B for energies smaller than the scale M . At the scale M , the longitudinal and the transversal cut contribute
with the same magnitude. At that energy scale also the poles of the gluons start to contribute as soon as ω > mg.
At energies just above mg the longitudinal pole dominates over the magnetic pole, whereas for larger energies up to
2µ the transversal pole gives the leading contribution. The respective orders of magnitude of A and B, estimated at
the various energy scales, are given in the subsequent rows. It is found that either B ∼ gA or B ∼ g2A and therefore
B ≪ A. Finally, the orders of magnitudes of the contributions to the Hilbert transforms H [A] and H [B], obtained by
integrating over the respective energy scales, cf. Eq. (37), are listed. When calculating the Hilbert transform H [A]
up to energies ω ∼ Λg¯, the transversal cut gives a contribution of order φ, which is of leading order. Since B ∼ g2A
for these energies, H [B] ∼ g2φ, i.e., the contributions from B are beyond subleading order. Integrating over larger
energies ω ∼ M , it turns out that H [A] ∼ g φ, which gives a subleading-order contribution. Since B ∼ gA in this
energy regime, the corresponding contribution from H [B] is again beyond subleading order. For the contributions
from the poles one finds that, in the region ω = mg +Λ1>y>0, a contribution of order φ is generated by H [A] (which
combines with φˆ(k) to give a contribution of order g φ in total, i.e., of subleading order). Since in this energy regime
B ∼ g2A, the corresponding contribution H [B] is again only of order g2φ, i.e., beyond subleading order. Integrating
over large energies up to 2µ, H [A] gives a contribution of order g φ, which is of subleading order. Since in this regime
B ∼ gA, it follows that H [B] is beyond subleading order.
In Sec. III E it is shown that also φˆ(k) ∼ φ and that the imaginary part of the gap function again contributes
to φˆ(k) only at g2φ, i.e., beyond subleading order. This finally proves that the imaginary part of the gap function
enters the real part only beyond subleading order. Hence, to subleading accuracy, the real part of the gap equation
can be solved self-consistently neglecting the imaginary part of the gap function for quark momenta exponentially
close to the Fermi surface. On the other hand, the real part of the gap function enters the imaginary part of the
gap function always to leading order. For energies, for which B ∼ g2A, the imaginary part of the gap function can
be calculated to subleading order from the real part alone. In particular, this is the case for the regime of small
energies. Furthermore, since for these energies only the cut of magnetic gluons contributes, Imφ can be calculated to
subleading order without much effort, which is done in Sec. IIIG. In Sec. III F, we reproduce the known gap equation
9for Reφ(ǫ˜k,k) by Hilbert transforming A(ω + iη,k), cf. Eq. (A7a), and adding the energy independent gap function
φˆ(k), cf. Eq. (23).
B. Estimating A
For the purpose of estimating the various terms contributing to A, cf. Eqs. (29-32), one may restrict oneself to the
leading contribution of the Dirac traces in Eq. (19), which is of order one. The integral over the absolute magnitude
of the quark momentum is
∫
dq q2, while the angular integration is
∫
d cos θ ≡ ∫ dp p/(kq). Furthermore, we estimate
Z2(ǫ˜q) ∼ 1. The contribution to A fromMℓ,tA,T=0 in Eq. (29), which arises from the cut of the soft gluon propagator,
is
Aℓ,tcut(ω,k) ∼ g2
δ∫
0
dξ
ǫq
Reφ(ǫq,q)
Λgl∫
λ
dp p ρℓ,tcut(ω
∗,p) , (38)
where ω∗ ≡ ω − ǫq and 0 < ω∗ < ω. Furthermore, δ ≡ min(ω,Λq) and λ ≡ max(|ξ − ζ|, ω∗) with ζ ≡ k − µ and
ξ ≡ q − µ. In the effective theory, both |ζ| and |ξ| are bounded by Λq ∼ gµ. Due to the condition λ < p < Λgl it
follows that Aℓ,tcut = 0 for ω > Λgl+Λq ≃ µ. For the purpose of power counting it is sufficient to employ the following
approximative forms for ρℓ,tcut, cf. Eq. (B5b,B5d),
ρtcut(ω
∗,p) ≃ M
2
π
ω∗ p
p6 + (M2 ω∗)2
, (39a)
ρℓcut(ω
∗,p) ≃ 2M
2
π
ω∗
p
1
(p2 + 3m2g)
2
. (39b)
These approximations reproduce the correct behavior for ω∗ ≪ p≪ mg, while for ω∗ < p < Λgl they give at least the
right order of magnitude. With that the integration over p can be performed analytically. For energies ω < Λgl one
finds for the transverse part
Atcut(ω,k) ∼ g2
δ∫
0
dξ
ǫq
Reφ(ǫq,q)
[
arctan
(
Λ3gl
M2ω∗
)
− arctan
(
λ3
M2ω∗
)]
. (40)
For all ζ ≤ Λq and ω ≤ Λgl one has Λ3gl/M2ω∗ ≫ 1 and the first arctangent in the squared brackets may be set equal
to π/2. In the case that ω ≫M one has λ3/M2ω∗ ≫ 1 and the two arctangents cancel. If ω ∼M , on the other hand,
the arctangents combine to a number of order 1. Finally, in the case that ω ∼ Λy with 0 ≤ y ≤ 1, one has always
0 ≤ ξ ≤ Λy due to the theta-function in Eq. (29). Moreover, it turns out that the arctangents cancel if ζ > Λy/3,
since then λ3/(M2ω∗) ≃ ζ3/[M2(ω − ξ)]≫ 1 for all ξ < ω.
In the case that ω ∼ φ, the integral over ξ does not yield the BCS logarithm, cf. Appendix C, and we find
Atcut(φ,k) ∼ g2φ . (41)
For larger energies ω ∼ Λy with 0 ≤ y < 1 one substitutes ξ(y′) ≡ Λy′ , dξ/ξ = ln(φ/M) dy′ and obtains with Eq. (34)
Atcut(ω,k) ∼ g2 ln
(
φ
M
)
φ
y∫
1
dy sin
(π y
2
)
∼ g φ cos
(π y
2
)
. (42)
Here, the integration over 0 ≤ ξ ≤ Λ1 has been neglected, since it gives at most a contribution of order g2φ, cf. Eq.
(41).
In the longitudinal sector one finds for the integral over the gluon momentum p
I(λ) ≡ M2
Λgl∫
λ
dp
(p2 +X2)2
∼ 1
X
[
arctan
(
Λgl
X
)
− arctan
(
λ
X
)]
− 1
Λgl
λ2 − λΛgl +X2
λ2 +X2
∼
{
1
X , for λ ≤ X
Λgl−λ
Λglλ
, for λ≫ X , (43)
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ω ∼ φ ω ∼ Λ1>y>0 ω ∼M M ≪ ω < µ
Atcut g
2φ g φ cos
(
π y
2
)
g φ 0
Aℓcut g
2φ φ
M
g φ
(
φ
M
)y
cos
(
π y
2
)
g φ g φ
(
1− ω
µ
)
TABLE II: Estimates for Aℓ,tcut at different energy scales and ζ ≪M .
ω ∼ φ ω ∼ Λ1>y>0 ω ∼M M ≪ ω < µ
Atcut 0 0 g φ 0
Aℓcut g
2φ φ
M
g φ
(
φ
M
)y
cos
(
π y
2
)
g φ g φ
(
1− ω
µ
)
TABLE III: Estimates for Aℓ,tcut at different energy scales and ζ <∼M .
where X2 ≡ 3m2g. Since ζ ≤ Λq ∼ X , solely the magnitude of ω decides whether λ ≤ X or λ ≫ X is realized.
It follows that, in contrast to the transversal case, the order of magnitude of Aℓcut is independent of ζ. Energies
ω ∼ Λ0≤y≤1 correspond to λ ≤ X . For the special case ω ∼ Λ1 one finds
Aℓcut(ω,k) ∼ g2
Λ1∫
0
dξ
ǫq
Reφ(ǫq,q)
ω∗
M
∼ g2 φ φ
M
. (44)
For ω ∼ Λ0≤y<1 one obtains
Aℓcut(ω,k) ∼ g φ
y∫
1
dy′ sin
(
π y′
2
)
ω∗
M
∼ g φ
y∫
1
dy′ sin
(
π y′
2
) [(
φ
M
)y
−
(
φ
M
)y′]
∼ g φ cos
(π y
2
) ( φ
M
)y
. (45)
Hence, for y > 0 the term Aℓcut is suppressed by a factor (φ/M)y as compared to Atcut whereas for y = 0 the
longitudinal and the transversal cut contribute at the same order, Aℓcut ∼ Atcut ∼ g φ. For much larger energies,
M ≪ ω < µ, we have λ = ω∗ ≃ ω ≫ X (note that ζ is bounded by Λq). It follows with δ = Λq ∼ Λ0
Aℓcut(ω,k) ∼ g φ
0∫
1
dy sin
(π y
2
) (
1− ω
Λgl
)
∼ g φ
(
1− ω
µ
)
. (46)
Hence, Aℓcut ≫ Atcut in this large-energy regime. The results for Aℓ,tcut are summarized in Tables II and III.
The contributions from the gluon poles to A read analogously to Eq. (38)
Aℓ,tpole(ω,k) ∼ g2
δ∫
0
dξ
ǫq
Reφ(ǫq,q)
2µ∫
|ξ−ζ|
dp p ρℓ,tpole(ω
∗,p) δ[ω∗ − ωℓ,t(p)] . (47)
The boundary p ≤ 2µ in the integral over p is due to the constraint ξ ≤ Λq, cf. Fig. 3. Therefore, also ωℓ,t < 2µ. It
follows that Aℓ,tpole = 0 for ω > 2µ, since for these energies one has ω∗ ≃ ω > ωℓ,t always and the δ−function in Eq.
(47) vanishes. Hence, we can restrict the analysis of Eq. (47) to mg < ω < 2µ.
For the transverse sector we approximate
ρtpole(ωt(p),p) ≃ −
1
2ωt(p)
(48)
and ωt(p) ≃
√
p2 +m2g for all momenta p and obtain
Atpole(ω,k) ∼ g2
Λq∫
0
dξ
ǫq
Reφ(ǫq,q)
2µ∫
√
m2g+|ζ−ξ|
2
dωt δ(ω
∗ − ωt) . (49)
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2Λq
Λg2
Λg
q~
p >
µ
FIG. 3: Hard gluon exchange with momentum p > Λgl ∼ µ. The quark has to remain within a layer of width 2Λq ∼ gµ around
the Fermi surface. This effectively restricts the hard gluon momentum to p < 2µ+ 2Λq <∼ 2µ.
The condition ω∗ = ωt can be satisfied only if ω >
√
m2g + ζ
2. Furthermore, the condition ω∗ = ωt sets an upper
boundary to the integral over ξ given by ξmax ≡ min{Λq, (ω2 −m2g − ζ2)/2(ω − ζ)}. Hence, the BCS logarithm is
generated for energies ω ∼
√
m2g + ζ
2 + Λy with 0 ≤ y < 1, since then ξmax ∼ Λy. For such energies we have
Atpole(ω,k) ∼ g2
ξmax∫
0
dξ
ǫq
Reφ(ǫq,q) ∼ g φ cos
(π y
2
)
. (50)
For larger energies up to 2µ one has Atpole(ω,k) ∼ g φ.
In the longitudinal gluon sector we approximate
ρℓpole(ωℓ(p),p) ≃ −
ωℓ(p)
2p2
(51)
for gluon momenta p not much larger than mg. Such values of p are guaranteed if we consider energies of the form
ω =
√
m2g + ζ
2 + Λy1 with g¯ < y1 < 1. As in the transversal case we simplify ωℓ(p) ≃
√
p2 +m2g and find
Aℓpole(ω,k) ∼ g2
ξmax∫
0
dξ
ǫq
Reφ(ǫq,q)
2µ∫
√
m2g+|ξ−ζ|
2
dωℓ
ω2ℓ
ω2ℓ −m2g
δ(ω∗ − ωℓ) , (52)
where ξmax is defined as in the transversal case. For the considered energies one has ξmax ∼ Λy1 . We find
Aℓpole(ω,k) ∼ g2
ξmax∫
0
dξ
ǫq
Reφ(ǫq,q)
(ω − ǫq)2
(ω − ǫq)2 −m2g
∼ g φ ω
ω −mg cos
(π y1
2
)
, (53)
where ξmax ≪ ω and ω >∼ mg was exploited in order to simplify the fraction under the integral, ω2/(ω2 − m2g) ∼
ω/(ω −mg). Furthermore, the BCS logarithm has cancelled one power of g. Hence, for ζ ∼ mg one has Aℓpole ∼ g φ.
For quarks exponentially close to the Fermi surface with ζ ∼ Λy2/2 and y2 > 2 g¯, we find
Aℓpole(ω,k) ∼ g φ
(
M
φ
)y
cos
(π y1
2
)
, (54)
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ω <
√
m2g + ζ2 ω ∼
√
m2g + ζ2 + Λ1<y1<g¯ mg ≪ ω < 2µ
Atpole 0 g φ g φ
Aℓpole 0 g φ
(
M
φ
)y
cos
(
π y1
2
)
g φ exp
(
− 2ω
2
3m2g
)
TABLE IV: Estimates for Aℓ,tpole at different energy scales and for ζ ∼ Λy2 , where 0 ≤ y2 ≤ 1 and y ≡ min{y1, y2}.
where y ≡ min{y1, y2}. For much larger energies, ω ≫ mg, we have to consider gluon momenta p ≫ mg, for which
the spectral density of longitudinal gluons is exponentially suppressed
ρℓpole(ωl(p),p) ∼
exp
(
− 2p23m2g
)
p
. (55)
We find for mg ≪ ω < 2µ with ωl(p) ≃ p
Aℓpole(ω,k) ∼ g2
Λq∫
0
dξ
ǫq
Reφ(ǫq,q)
2µ∫
√
m2g+|ξ−ζ|
2
dωℓ exp
(
− 2ω
2
ℓ
3m2g
)
δ(ω∗ − ωℓ)
∼ g2φ
Λ0∫
Λ1
dξ
ξ
exp
[
−2(ω − ξ)
2
3m2g
]
∼ g φ exp
(
− 2ω
2
3m2g
)
, (56)
which is the continuation of Eq. (53) to large energies and for all ζ ≤ Λq. The results for Aℓ,tpole are summarized in
Table IV. In the following Sec. III C these results will be inserted into Eq. (29) for ρφ in order to estimate B.
C. Estimating B
The term B in Eq. (32) can be estimated using
Bℓ,tcut(ω,k) ∼ g2
Λq∫
0
dξ
ǫq
ω∫
0
dq0
∑
σ=±
σA(q0,q)
q0 − σǫq
Λgl∫
λ
dp p ρℓ,tcut(ω
′,p) , (57)
for the Landau-damped gluon sector. We introduced ω′ ≡ ω − q0 < ω and λ ≡ max(|ξ − ζ|, ω′). Furthermore, we set
Z2(ω) ∼ 1. From the condition λ < Λgl in Eq. (57) and from A(q0,q) = 0 for q0 > 2µ it follows that Bℓ,tcut(ω,k) = 0
for ω > Λgl + 2µ ∼ 3µ. Inserting the approximative forms (39) for ρℓ,tcut into Eq. (57) the integration over p can be
performed analogously to Eqs. (40,43). In the transverse case one finds
Btcut(ω,k) ∼ g2
Λq∫
0
dξ
ǫq
ω∫
0
dq0
∑
σ=±
σA(q0,q)
q0 − σǫq
[
arctan
(
Λ3gl
M2ω′
)
− arctan
(
λ3
M2ω′
)]
. (58)
Analogously to Eq. (40), one first determines the domains of ω, ζ, and ξ, where the arctangents in the squared brackets
do not cancel. Since ω′ < ω < 3µ it is Λ3gl/M
2ω′ ≫ 1 and the first arctangent in the squared brackets may be set
equal to π/2. Furthermore, one finds that the argument of the second arctangent is not very large as long as the
conditions ω −M <∼ q0 and |ξ − ζ|3 <∼M2(ω − q0) are fulfilled. In order to satisfy the first condition, we restrict the
integral over q0 to the region max{0, ω −M} < q0 < ω. The second condition becomes less restrictive if simplified to
|ξ − ζ|3 <∼ M2ω. The resulting estimate for Btcut will turn out to be small so that a more elaborate estimate is not
necessary. For energies ω ∼ φ one may use Eq. (41) to estimate A ∼ Atcut ∼ g2φ. For ζ ≪M one has
Btcut(φ,k) ∼ g4φ
Λ1/3∫
0
dξ
ǫq
ln
∣∣∣∣ǫq − φǫq + φ
∣∣∣∣ ∼ g4φ . (59)
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The logarithm under the integral prevents the generation of the BCS logarithm, cf. Appendix C. For ζ <∼ M the
integration over ξ is restricted to the region |ξ − ζ| < Λ1/3. This yields the estimate Btcut(φ,k) ∼ g4φ (Λ1/3/M) ∼
g4φ (φ/M)1/3.
For ω ∼ Λy with 0 ≤ y < 1 we conservatively estimate A ∼ Atcut ∼ g φ, cf. Eq. (42), and obtain similarly to Eq.
(59)
Btcut(Λy,k) ∼ g3φ
Λy/3∫
0
dξ
ǫq
ln
∣∣∣∣ ǫq − Λyǫq + Λy
∣∣∣∣ ∼ g3φ , (60)
where we assumed ζ ≪M . Again no BCS logarithm was generated due to the additional logarithm. For ζ <∼M the
integration over ξ is restricted to the region |ξ − ζ| < Λy/3. If we conservatively estimate A ∼ g φ throughout this
region, we obtain Btcut(φ,k) ∼ g3φ (φ/M)y/3.
For energies ω ∼ M and larger, the condition |ξ − ζ|3 <∼ M2ω is fulfilled for all ξ < Λq. Considering ω ∼ mg + Λy
with 0 ≤ y < 1 we find that the dominant contribution comes from A ∼ Aℓpole, cf. Eq. (54), when integrating over
mg + Λ1 < q0 < mg + Λy
Btcut(mg + Λy,k) ∼ g3φ
Λq∫
0
dξ
ǫq
mg+Λy∫
mg+Λ1
dq0
∑
σ=±
σ
q0 − σǫq
q0
q0 −mg
∼ g2φ
Λq∫
0
dξ
ǫq
∑
σ=±
σmg
σǫq −mg
y∫
1
dy′ ∼ g2φ
Λq∫
0
dξ
mg
ξ2 −m2g
∼ g2 φ . (61)
The contributions from the other gluon sectors are estimated with A ∼ g φ, cf. Eqs. (46,52),
g3φ
Λq∫
0
dξ
ǫq
ω∫
ω−M
dq0
∑
σ=±
σ
q0 − σǫq ∼ g
3φ
Λq∫
0
dξ
ǫq
(
ln
∣∣∣∣ω − ǫqǫq + ω
∣∣∣∣− ln
∣∣∣∣ω −M + ǫqω −M − ǫq
∣∣∣∣
)
∼ g3φ
(
M
ω
)2
, (62)
where the logarithms again prevent the generation of the BCS logarithm. The factor (M/ω)2 arises from expanding
the logarithms for ω ≫M . Hence, for energies of the form ω ∼ mg + Λy with 0 ≤ y < 1 we have
Btcut(ω,k) ∼ g2φ , (63)
while for larger energies Aℓpole does not contribute anymore and Btcut(ω,k) ∼ g3φ (M/ω)2, cf. Eq. (62).
For the cut of the longitudinal gluons one obtains
Bℓcut(ω,k) ∼ g2
Λq∫
0
dξ
ǫq
ω∫
0
dq0
∑
σ=±
σA(q0,q)
q0 − σǫq ω
′ I(λ) , (64)
where I(λ) is defined in Eq. (43). Analogously to the analysis of Aℓcut one finds for ω ∼ φ
Bℓcut(φ,k) ∼ g4φ
Λq∫
0
dξ
ǫq
φ∫
0
dq0
∑
σ=±
σ
q0 − σǫq
φ
M
∼ g4φ φ
M
Λq∫
0
dξ
ǫq
ln
∣∣∣∣ ǫq − φǫq + φ
∣∣∣∣
∼ g4φ φ
M
, (65)
and similarly for ω ∼ Λy with 0 ≤ y < 1
Bℓcut(Λy,k) ∼ g3φ
(
φ
M
)y
. (66)
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ω ∼ φ ω ∼ Λ1>y>0 ω ∼ mg + Λ1>y>0 mg ≪ ω < 3µ
Btcut g
4φ g3φ g2φ g3φ
(
M
ω
)2
Bℓcut g
4φ φ
M
g3φ
(
φ
M
)y
g2φ g3φ M
ω
TABLE V: Estimates for Bℓ,tcut at different energy scales and ζ ≪M .
ω ∼ φ ω ∼ Λ1>y>0 ω ∼ mg +Λ1>y>0 mg ≪ ω < 3µ
Btcut g
4φ
(
φ
M
)1/3
g3φ
(
φ
M
)y/3
g2φ g3φ
(
M
ω
)2
Bℓcut g
4φ φ
M
g3φ
(
φ
M
)y
g2φ g3φ M
ω
TABLE VI: Estimates for Bℓ,tcut at different energy scales and ζ <∼M .
For ω ∼ mg + Λy with 0 ≤ y < 1 we can simplify ω′ I(λ) ≃ 1 and find as in the transversal case, cf. Eq. (61),
Bℓcut(mg + Λy,k) ∼ g2φ . (67)
In the limit of large energies, M ≪ ω ∼ Λgl ∼ µ, we estimate the integral over the range ω − Λgl < q0 < ω by
substituting A ∼ g φ and obtain with ω′ I(λ) ∼ 1
Bℓcut(ω,k) ∼ g3φ
Λq∫
0
dξ
ǫq
ω∫
ω−Λgl
dq0
∑
σ=±
σ
q0 − σǫq ∼ g
3φ
Λq∫
0
dξ
ω∫
ω−Λgl
dq0
q20
∼ g3φ MΛgl
ω2
∼ g3φ M
ω
. (68)
Hence, also Bℓcut becomes small in the limit of large energies. The estimates for Bℓ,tcut are summarized in Tables V and
VI.
In the undamped gluon sector the term Mℓ,tB,T=0 in Eq. (29) gives the contribution
Bℓ,tpole(ω,k) ∼ g2
Λq∫
0
dξ
ǫq
ω∫
0
dq0
∑
σ=±
σ ρφ(q0,q)
q0 − σǫq
2µ∫
|ζ−ξ|
dp p ρℓ,tpole(ω
′,p) δ[ω′ − ωℓ,t(p)] . (69)
Due to the restriction p < 2µ it follows with similar arguments as for Bℓ,tcut that Bℓ,tpole(ω,k) = 0 for ω > 4µ. For the
transversal sector we employ analogous approximations as for Atpole and obtain
Btpole(ω,k) ∼ g2
Λ0∫
Λ1
dξ
ξ
ω∫
0
dq0
∑
σ=±
σA(q0,q)
q0 − σǫq
2µ∫
√
m2g+|ξ−ζ|
2
dωt δ(ω
′ − ωt) . (70)
This contribution is non-zero only if ω > mg. First we consider energies ω ∼ mg +Λ2y1 and ζ ∼ Λy2 , and analyze the
two cases y1 < y2 and y1 > y2 separately. In the first case, the condition ω >
√
m2g + |ξ − ζ|2 requires 0 < ξ < Λy1
and consequently
Btpole(ω,k) ∼ g3φ
Λy1∫
Λ1
dξ
ξ
ln
∣∣∣∣∣∣
ω −
√
m2g + ξ
2 − ξ
ω −
√
m2g + ξ
2 + ξ
∣∣∣∣∣∣ ∼ g3φ , (71)
where A ∼ g φ and the logarithm prevents the BCS logarithm. The second case, y1 > y2, leads to the condition
Λy2 − Λy1 < ξ < Λy2 + Λy1 and we find
Btpole(ω,k) ∼ g3φ
Λy2+Λy1∫
Λy2−Λy1
dξ
ξ
ln
∣∣∣∣∣∣
mg −
√
m2g + Λ
2
y2 − Λy2
mg −
√
m2g + Λ
2
y2 + Λy2
∣∣∣∣∣∣ ∼ g3φ
(
φ
M
)y1
, (72)
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where in the last step the logarithm was estimated to be of order (φ/M)y2 and the integral over ξ to be of order
(φ/M)y1−y2 .
For ω > 2mg the upper boundary for the integral over ξ is given by Λq without further restrictions. The integral
over q0 runs over values q0 > mg and therefore receives contributions from Aℓpole, cf. Eq. (54). As a consequence one
finds
Btpole(ω,k) ∼ g2φ (73)
analogously to Eq. (61). For ω ≫ mg the additional contributions from 2mq < q0 < ω are only ∼ g3φ, as can be seen
in the same way as in Eq. (62), and therefore Btpole ∼ g2φ. However, for ω >∼ 2µ+ 2mg the condition ω′ = ωℓ can be
fulfilled only for q0 > ω − 2µ >∼ 2mg, where A ∼ g φ, and one finds
Btpole(ω,k) ∼ g3φ
Λ0∫
Λ1
dξ
ξ
ω∫
ω−2µ
dq0
∑
σ=±
σ
q0 − σǫq ∼ g
3φ
Λ0∫
Λ1
dξ
ω∫
ω−2µ
dq0
q20
∼ g3φ M 2µ
ω2
∼ g3φ M
ω
. (74)
In the longitudinal sector the analysis starts similarly with energies ω ∼ mg+Λ2y1 and ζ ∼ Λy2 . Since this restricts
the gluon momentum to p <∼ mg, we apply Eq. (51) and obtain
Bℓpole(ω,k) ∼ g2
Λ0∫
Λ1
dξ
ξ
ω∫
0
dq0
∑
σ=±
σA(q0,q)
q0 − σǫq
ω∫
√
m2g+|ξ−ζ|
2
dωℓ
ω2ℓ
ω2ℓ −m2g
δ(ω′ − ωℓ) . (75)
In the case that y1 < y2, the condition ω >
√
m2g + |ξ − ζ|2 requires 0 < ξ < Λy1 and one finds
Bℓpole(ω,k) ∼ g2
Λy1∫
Λ1
dξ
ξ
ω−
√
m2g−|ξ−ζ|
2∫
0
dq0
∑
σ=±
σA(q0,q)
q0 − σǫq
(ω − q0)2
(ω − q0)2 −m2g
. (76)
Since q0 ≤ ω −
√
m2g − |ξ − ζ|2 < Λ2y1 is much smaller than ω ∼ mg + Λ2y1 , we neglect q0 against ω on the r.h.s of
Eq. (76). Furthermore, we estimate A ∼ g φ and obtain similarly to Eq. (71)
Bℓpole(ω,k) ∼ g3φ
ω
ω −mg ∼ g
3φ
(
M
φ
)2y1
. (77)
The case that y1 > y2 leads to the condition Λy2 − Λy1 < ξ < Λy2 + Λy1 , and we find similarly to Eq. (72)
Bℓpole(ω,k) ∼ g3φ
(
φ
M
)y1 ω
ω −mg ∼ g
3φ
(
M
φ
)y1
. (78)
For larger energies ω >∼ 2mg the upper boundary of the integral over q0 will just exceed mg, where it is A ∼ Aℓpole,
cf. Eq. (54). One finds analogously to Btpole, cf. Eq. (73), that this gives the main contribution of order
Bℓpole(ω,k) ∼ g2φ . (79)
In order to estimate Bℓpole for energies ω > 2µ+2mg, for which 2mg < q0 < ω and A is only ∼ g φ, we have to employ
Eq. (55)
Bℓpole(ω,k) ∼ g3φ
Λq∫
0
dξ
ǫq
ω∫
2mg
dq0
∑
σ=±
σ
q0 − σǫq
2µ∫
mg
dωℓ exp
(
− 2ω
2
ℓ
3m2g
)
δ(ω′ − ωℓ)
∼ g3φ
Λ0∫
Λ1
dξ
ω∫
2mg
dq0
q20
exp
[
−2(ω − q0)
2
3m2g
]
∼ g3φ
(
M
ω
)2
. (80)
In the last step, the integral over q0 was restricted to the region ω −mg <∼ q0 < ω due to the exponential function.
The estimates for Bt,ℓpole are summarized in Tables VII and VIII.
In the following the estimates for A and B are used to determine the order of magnitude of H[A] and H[B].
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ω < mg + Λ1 ω ∼ mg +Λ1>y≥0 2mg < ω < 2µ 2µ < ω < 4µ
Btpole 0 g
3φ g2φ g3φ M
ω
Bℓpole 0 g
3φ
(
M
φ
)y
g2φ g3φ
(
M
ω
)2
TABLE VII: Estimates for Bℓ,tpole at different energy scales and ζ ≪M .
ω < mg + Λ1 ω ∼ mg +Λ1>y≥0 2mg < ω < 2µ 2µ < ω < 4µ
Btpole 0 g
3φ
(
φ
M
)y/2
g2φ g3φ M
ω
Bℓpole 0 g
3φ
(
M
φ
)y/2
g2φ g3φ
(
M
ω
)2
TABLE VIII: Estimates for Bℓ,tpole at different energy scales and ζ
<
∼M .
D. Estimating H[A] and H[B]
In order to determine the order of magnitude of Re φ˜ and the order of the corrections due to B we estimate the
Hilbert transforms H[A] and H[B]. For that the quark momentum has to be exponentially close to the Fermi surface,
ζ ≪ M , because for quarks farther away from the Fermi surface Imφ cannot be treated as a correction anymore.
Furthermore, in that case the normal self-energy Σ has to be accounted for self-consistently, which is beyond the scope
of this work. The integral over ω in the Hilbert transforms H[A] and H[B] is split into the energy regimes which were
used to estimate A and B, cf. Eq. (37). As explained in the discussion after Eq. (37) we select for each energy regime
the most dominant gluon sectors and estimate their respective contributions to Reφ and Re φ˜.
At the smallest scale, 0 ≤ ω ≤ Λ1, one has Imφ ∼ Atcut ∼ g2φ, cf. Eq. (41), which yields
P
Λ1∫
0
dω
∑
σ=±
Atcut(ω,k)
ω − σǫk ∼ g
2φ ln
(
φ
ǫk
)
∼ g2 φ . (81)
At the scale Λ1 ≤ ω ≤ Λg¯ one has Imφ ∼ Atcut ∼ g φ, cf. Eq. (42). With the substitution dω/ω = ln(φ/M) dy one
finds
P
Λg¯∫
Λ1
dω
∑
σ=±
Atcut(ω,k)
ω − σǫk ∼ g φ
Λg¯∫
Λ1
dω
ω
∼ g φ ln
(
φ
M
) g¯∫
1
dy ∼ φ . (82)
The contribution from Aℓcut ∼ g φ (φ/M)y at the same scale, cf. Eq. (45), can be shown to be much smaller,
P
Λg¯∫
Λ1
dω
∑
σ=±
Aℓcut(ω,k)
ω − σǫk ∼ g φ ln
(
φ
M
) g¯∫
1
dy
(
φ
M
)y
∼ g φ φ
M
. (83)
At the scale Λg¯ ≤ ω ≤ Λ0 one has Imφ ∼ Atcut ∼ Aℓcut ∼ g φ, cf. Eq. (42, 45), and finds
P
Λ0∫
Λg¯
dω
∑
σ=±
Aℓ,tcut(ω,k)
ω − σǫk ∼ g φ
Λ0∫
Λg¯
dω
ω
∼ φ
0∫
g¯
dy ∼ g φ . (84)
For energies ω >∼ mg + Λy with 0 ≤ y < 1 one has Imφ ∼ Aℓpole ∼ g φ (M/φ)y , cf. Eq. (54), and one finds with
dω = ln(φ/M) Λy dy
P
mg+Λ0∫
mg+Λ1
dω
∑
σ=±
Aℓpole(ω,k)
ω − σǫk ∼
g φ
M
ln
(
φ
M
) 0∫
1
dy Λy
(
M
φ
)y
∼ φ
M
0∫
1
dyM ∼ φ . (85)
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For the regime mg < ω < 2µ we have Imφ ∼ Atpole ∼ g φ, cf. Eq. (50), and obtain
P
2µ∫
mg
dω
∑
σ=±
Atpole(ω,k)
ω − σǫk ∼ g φ
2µ∫
mg
dω
ω
∼ g φ ln
( µ
M
)
∼ g φ . (86)
Finally, integrating over 2µ < ω < 4µ with Imφ ∼ Btpole ∼ g3φ (M/ω), cf. Eqs. (68,74), one obtains
P
4µ∫
2µ
dω
∑
σ=±
Btpole(ω,k)
ω − σǫk ∼ g
3φM
4µ∫
2µ
dω
ω2
∼ g3φ M
µ
∼ g4φ . (87)
From Eqs. (82) and (85) we conclude that Re φ˜ ∼ φ. Furthermore, H[B] contributes to Reφ only at sub-subleading
order. The corresponding corrections arise from the following sources. The first is Btcut, which is ∼ g2Atcut for ω ∼ Λy
with g¯ < y < 1. After Hilbert transformation it yields a contribution of order g2φ to Re φ˜, cf. Eq. (82), and is
therefore of sub-subleading order. For ω ∼ Λy with 0 < y < g¯ we have Bℓ,tcut ∼ gAℓ,tcut. From Eq. (84) it follows that
H[Bℓcut] and H[Btcut] are of sub-subleading order. For ω = mg + Λy with 0 ≤ y < one has Bℓpole ∼ g2Aℓpole and a
sub-subleading-order contribution seems possible, since the corresponding contribution from Aℓpole is ∼ φ, cf. (85). As
the latter, however, combines with φˆ to a subleading order term, cf. Sec. III F, it would be interesting to investigate
if also Bℓpole finds an analogous partner to cancel similarly. Moreover, we found that Bℓ,tpole ∼ gAtpole for mg < ω < 2µ.
From the estimate in Eq. (86) we conclude that the corresponding contributions to Reφ are of sub-subleading order.
The results are summarized in Table I. In the next section it is analyzed at which order Imφ contributes to the local
part of the gap function, φˆ.
E. The contribution of Imφ to φˆ
The gap equation for the energy-independent part φˆ(k) is obtained by considering the integrals I0 and Ik0 , cf. Eqs.
(25,26), in the limit |k0| → ∞. Since p <∼ 2µ, the gluon spectral densities ρℓ,t(q0,p) are nonzero only for q0 <∼ 2µ.
Consequently, the integral over q0 in Eq. (26) is bounded by −2µ < q0 < 2µ. Then, due to the energy denominator
under the integral, Ik0 tends to zero as 1/|k0| for |k0| → ∞. In the second term on the r.h.s. of Eq. (25) one has
ǫq < Λq ∼ gµ. It follows that for k0 ≫ 2µ > p the transverse gluon propagator becomes ∆t ∼ 1/k20. In the
longitudinal sector one has ∆ℓ → −1/p2. Hence, in the limit |k0| → ∞ only the longitudinal contribution of the
considered term does not vanish. Smilarly, one can argue that also in the first term on the r.h.s. of Eq. (25) only the
contribution from the static electric gluon propagator remains. Consequently, we find for φˆ(k)
φˆ(k) =
g2
3(2π)2
Λq∫
0
dξ
ǫq
2µ∫
|ξ−ζ|
dp
p
Trℓs(k, p, q)
[
Reφ(ǫ˜q,q)Z
2(ǫ˜q) tanh
(
ǫ˜q
2T
)
+P
∞∫
−∞
dω
ρφ(ω,q)
ǫ˜q − ω Z
2(ω) tanh
( ω
2T
) . (88)
In the limit T → 0 the hyperbolic functions simplify. After performing the integral over p and with Trℓs(k, p, q) ∼ 1
and Z2(ω) ∼ 1 we obtain
φˆ(k) ∼ g2
Λ0∫
Λ1
dξ
ξ
ln
(
2µ
|ξ − ζ|
)Reφ(ǫ˜q,q) + P
∞∫
0
dω
∑
σ=±
σ ρφ(ω,q)
σǫ˜q − ω

 , (89)
where the large logarithm arises from the p−integral. With that and assuming ζ ≪ M , the integral containing
Reφ(ǫ˜q,q) is found to be of order φ, and hence φˆ(k) ∼ φ. The remaining contribution from ρφ is identical to Eq.
(37) up to the extra σ due to the hyperbolic tangent. One can conservatively estimate this term by approximating
ρφ ∼ g φ for 0 < ω < 4µ and all Λ1 ≤ ξ ≤ Λ0, and adding ρφ ∼ g φ (M/φ)y in the range ω ∼ mg + Λy , 1 > y > 0.
We find that the contributions from ρφ to φˆ are of order g
2φ and hence of sub-subleading order. This completes the
proof that the contributions from Imφ to Reφ(ǫk,k) = Re φ˜(ǫk,k) + φˆ(k) are in total beyond subleading order.
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F. Reφ(ǫk,k) to subleading order
In the following we recover the real part of the gap equation to subleading order by Hilbert transforming the
imaginary part of the gap equation (31) and adding the equation for the local gap, φˆ(k), Eq. (88). This shows how
φˆ ∼ φ and H[Aℓpole] ∼ φ combine to a subleading-order contribution. The gap equation for Re φ˜(ǫk,k) reads to
subleading order
Re φ˜(ǫk,k) = − g
2
3(2π)2
Λq∫
0
dξ
Z2(ǫ˜q)
2ǫ˜q
Reφ(ǫ˜q,q) tanh
(
ǫ˜q
2T
)
×
∑
σ=±


Λgl∫
|ξ−ζ|
dp p
{
Trℓs(k, p, q)
[
1
p2
+∆ℓHDL(ǫk − σǫ˜q,p)
]
+Trts(k, p, q)∆
t
HDL(ǫk − σǫ˜q,p)
}
+
2µ∫
Λgl
dp pTrts(k, p, q)∆
t
0,22(ǫk − σǫ˜q,p)

, (90)
where we used ρℓ(ω,p) ≡ 0 for p > Λgl in the effective theory, cf. Eq. (B3a). Furthermore, all terms ∼ coth have been
neglected. Adding Eq. (88), the 1/p2-term from the soft electric gluon propagator in Eq. (90) restricts the p−integral
of φˆ from Λgl to 2µ. This is the aforementioned cancellation of φˆ and H[Aℓpole], which reduces these terms to the
order g φ. After approximating the hard magnetic gluon propagator as ∆t0,22(ǫk − σǫ˜q,p) = 1/p2 + O(Λq/Λgl), one
can combine it with the remaining contribution from φˆ. Using Trℓs(k, p, q)− Trts(k, p, q) = 4 +O(Λq/Λgl), one finally
arrives at Eq. (124) of Ref. [34].
G. Imφ(ǫk + iη,k) exponentially close to the Fermi surface
In Sec. III B and III C the contributions A and B to Imφ have been estimated for different regimes of ω and ζ, cf.
Tab. II-VIII. In the case that ω ∼ Λy with g¯ < y ≤ 1 and ζ < Λy/3 we found Atcut to be the dominant contribution
to Imφ. The cut of the longitudinal gluons is suppressed by a factor (φ/M)y , while the gluon poles do not contribute
at all. In other regions of ω and ζ different gluon sectors are shown to be dominant. Furthermore, for ω > 2mg also
the contributions from B would have to be considered, since there B is suppressed relative to A only by one power of
g and therefore contributes at subleading order to Imφ. For ω ∼ Λy with g¯ < y ≤ 1 and ζ < Λy/3 we find for the
imaginary part of the gap
Imφ(ω + iη,k) ≃ g
2 π
3(2π)2
ω∫
Λ1
dξ
ξ
Z2(ǫ˜q)Reφ(ǫ˜qq)
Λgl∫
λ
dp
2M2 ω∗
π
p2
p6 + (M2ω∗)2
≃ g
2 π
9(2π)2
ln
(
φ
M
)
φ
y∫
1
dy′ sin
(
π y′
2
) (
1− g¯ π y
′
2
)
= g¯ φ
π
2
cos
(π y
2
)
+O(g¯2) , (91)
where we substituted ω = Λy and dξ/ξ = dy
′ ln(φ/M) and used ln(φ/M) = −3π2/(√2 g). Furthermore, it was
sufficient to approximate Trts(k, p, q) ≃ −2. This result agrees with Eq. (81) in Ref. [17] where a different approach is
used.
IV. CONCLUSIONS AND OUTLOOK
In this work we studied how the non-local nature of the gluonic interaction between quarks at high densities affects
the energy and momentum dependence of the (2SC) color-superconducting gap function at weak coupling and zero
temperature. For this purpose, energy and momentum have been treated as independent variables in the gap equation.
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By analytically continuing from imaginary to real energies and appropriately choosing the contour of the integral over
energies, we split the gap equation into two coupled equations: one for Reφ and one for Imφ.
In order to solve these equations self-consistently, the gap had to be estimated for all energies and for all momenta
satisfying |k − µ| ≤ Λq, where Λq ∼ gµ is the quark cutoff of the effective theory employed in this work. For quarks
exponentially close to the Fermi surface, we have proven the previous conjecture that, to subleading order, one has
φ = Reφ, where Reφ is the known subleading order solution for the real part of φ, which neglects all contributions
arising from the non-analyticities of φ.
Furthermore, we found that, exponentially close to the Fermi surface and for small energies, only the cut of the
magnetic gluon propagator contributes to Imφ. Thus, the analytic solution of the imaginary part of the gap equation
is rather simple, cf. Eq. (91). For energies of order mg, we showed that also the electric cut and the gluon poles
contribute to Imφ, cf. Tables II-VIII. The increase of the imaginary part with increasing energies can be interpreted
as the opening of decay channels for the quasiquark excitations. The peak Imφ ∼ g2µ occurring for energies just
above mg reflects the decay due to the emission of on-shell electric gluons.
Treating energy and momentum independently, the solution also includes Cooper pairs further away from the Fermi
surface, up to |k − µ| ∼ gµ. This becomes important when one is interested in extrapolating down to more realistic
quark chemical potentials where the coupling between the quarks becomes stronger: With increasing g also quarks
away from the Fermi surface participate in Cooper pairing. These are not included in the Eliashberg theory, where
one assumes that Cooper pairing happens exclusively at the Fermi surface.
Finally, it would be interesting to generalize our analysis to non-zero temperatures. The dependence of φ(T )/φ(T =
0) on T/Tc, where Tc is the critical temperature for the onset of color superconductivity, agrees with that of a weakly
coupled BCS superconductor if one neglects Imφ [12]. For strongly coupled superconductivity in metals it is known
[19], however, that Imφ is significantly modified at non-zero temperatures due to the presence of thermally excited
quasiparticles. This in turn gives rise to important deviations from a BCS-like behavior of φ(T )/φ(T = 0) at energies
larger than the gap. An analogous analysis for color superconductivity would be an interesting topic for future studies.
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APPENDIX A: SPECTRAL REPRESENTATION OF THE GAP FUNCTION
The function φ(K) which solves the gap equation (9) for imaginary energies k0 = i(2n+1)πT , must be analytically
continued towards the axis of real frequencies k0 → ω + iη prior to any physical analysis. It is shown in the following
that the gap function must exhibit non-analyticities on the axis of real energies, in order to be a non-trivial function
of energy. We require that the gap function converges for infinite energies, i.e., φ(K) → φˆ(k) for |k0| → ∞. Then
φ(K) can be written as
φ(K) ≡ φ˜(K) + φˆ(k) , (A1)
where the energy dependence of φ(K) is contained in φ˜(K) and φ˜(K) → 0 for |k0| → ∞. The non-analyticities of
φ(K) are contained in its spectral density
ρφ(ω,k) ≡ 1
2πi
[φ(ω + iη,k)− φ(ω − iη,k)] . (A2)
With Cauchy’s theorem one obtains for any k0 off the real axis
φ(k0,k) =
∞∫
−∞
dω
ρφ(ω,k)
ω − k0 + φˆ(k) , (A3)
where the first term is identified as φ˜(K) in Eq. (A1). For k0 = ω + iǫ one obtains
φ(ω + iǫ,k) = P
∞∫
−∞
dω′
ρφ(ω
′,k)
ω′ − ω + φˆ(k) + iπρφ(ω,k) . (A4)
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Hence, for real φˆ(k) and ρφ(ω,k)
Reφ(ω + iǫ,k) = P
∞∫
−∞
dω′
ρφ(ω
′,k)
ω − ω′ + φˆ(k) , (A5)
Imφ(ω + iǫ,k) = π ρφ(ω,k) . (A6)
Furthermore, one finds the dispersion relations for φ˜(ω + iη,k)
Re φ˜(ω + iǫ,k) =
1
π
P
∞∫
−∞
dω′
Im φ˜(ω′ + iǫ,k)
ω′ − ω , (A7a)
Im φ˜(ω + iǫ,k) = − 1
π
P
∞∫
−∞
dω′
Re φ˜(ω′ + iǫ,k)
ω′ − ω , (A7b)
i.e., Im φ˜(ω + iǫ,k) and Re φ˜(ω + iǫ,k) are Hilbert transforms of each other, Re φ˜ = H[Im φ˜]. It follows that φ˜ 6= 0
only if both Re φ˜ and Im φ˜ are nonzero. Consequently, the gap function φ is energy-dependent only if it has a nonzero
imaginary part, Imφ ≡ Im φ˜ 6= 0, which in turn is generated by its non-analyticities along the real k0 axis, cf. Eqs.
(A2) and (A6).
The energy dependence of the gap function φ(K) is constrained by the symmetry properties of the gap matrix
Φ+(K). It follows from the antisymmetry of the quark fields that the gap matrix must fulfill
C Φ+(K)C−1 =
[
Φ+(−K)]T , (A8)
cf. Eq. (B4) in [22]. Since Cγ5Λ
+
kC
−1 = [γ5Λ
+
−k]
T and in the 2SC case [J3τ2]
T = J3τ2 it follows for the gap function
φ(K) = φ(−K) . (A9)
Assuming that the gap function is symmetric under reflection of 3-momentum k, φ(k0,k) = φ(k0,−k) one obtains
with Eqs. (A5,A6)
Reφ(ω + iη,k) = Reφ(−ω + iη,k) , (A10a)
Imφ(ω + iη,k) = −Imφ(−ω + iη,k) , (A10b)
ρφ(ω,k) = −ρφ(−ω,k) . (A10c)
Consequently, Reφ is an even function of ω while Imφ and ρφ are odd. In the case of the color-flavor-locked (CFL)
phase the gap matrix has the structure Φ+ ∼ J · I in (fundamental) color and flavor space, where the matrices
(Jf )gh ≡ −i ǫfgh and (Ik)mn ≡ −i ǫkmn act in color and flavor space, respectively [5]. Since (J · I)T = J · I, Eq.
(A10a-A10c) are valid for the CFL phase, too.
Inserting Eq. (A10c) into Eq. (A3) one finds that φ(K) is real on the axis of imaginary energies, whereas φ(K) is
complex for energies off the imaginary axis.
APPENDIX B: SPECTRAL REPRESENTATION OF THE GLUON PROPAGATOR
In pure Coulomb gauge, the gluon propagator (8) has the form
∆00(P ) = ∆ℓ(P ) , ∆0i(P ) = 0 , ∆ij(P ) = (δij − pˆipˆj)∆t(P ) , (B1)
where ∆ℓ,t are the propagators for longitudinal and transverse gluon degrees of freedom. In the spectral representation
one has [23]
∆ℓ(P ) = − 1
p2
+
∞∫
−∞
dω
ρℓ(ω,p)
ω − p0 , ∆
t(P ) =
∞∫
−∞
dω
ρt(ω,p)
ω − p0 . (B2)
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For hard gluons with momenta p > Λgl one finds
ρℓ0,22(ω,p) = 0 , (B3a)
ρt0,22(ω,p) = sign(ω)δ(ω
2 − p2) , (B3b)
while for the soft, HDL-resummed gluons with p < Λgl one has [23, 35, 36]
ρℓ,t(ω,p) = ρ
pole
ℓ,t (ω,p) {δ [ω − ωℓ,t(p)] + δ [ω + ωℓ,t(p)]}+ ρcutℓ,t (ω,p) θ(p− |ω|) , (B4)
where
ρpoleℓ (ω,p) =
ω (ω2 − p2)
p2 (p2 + 3m2g − ω2)
, (B5a)
ρcutℓ (ω,p) =
2M2
π
ω
p
{[
p2 + 3m2g
(
1− ω
2p
ln
∣∣∣∣p+ ωp− ω
∣∣∣∣
)]2
+
(
2M2
ω
p
)2}−1
, (B5b)
ρpolet (ω,p) =
ω (ω2 − p2)
3m2g ω
2 − (ω2 − p2)2 , (B5c)
ρcutt (ω,p) =
M2
π
ω
p
p2
p2 − ω2
{[
p2 +
3
2
m2g
(
ω2
p2 − ω2 +
ω
2p
ln
∣∣∣∣p+ ωp− ω
∣∣∣∣
)]2
+
(
M2
ω
p
)2}−1
. (B5d)
APPENDIX C: (NON-)GENERATING THE BCS LOGARITHM
The mixed scale Λy introduced in Eq. (36) can be used to analyze the generation of the BCS logarithm. For this
purpose we have split the integral over ξ = k − µ according to
g2
M∫
0
dξ
ǫq
φq = g
2
Λ1∫
0
dξ
ǫq
φq + g
2
Λg¯∫
Λ1
dξ
ǫq
φq + g
2
Λ0∫
Λg¯
dξ
ǫq
φq (C1)
where we abbreviated φq ≡ Reφ(ǫq,k). The first term is readily shown to be of order g2φ. The last term is of order
g3φ, which is found after noting that φq ∼ g φ, cf. Eq. (35), and that Λg¯ is smaller but of the order of M . The second
term can be written as
g2
Λg¯∫
Λ1
dξ
ǫq
φq ∼ g2φ ln
(
φ
M
) g¯∫
1
dy sin
(π y
2
)
∼ g φ (C2)
where use was made of Eqs. (34-36) and the BCS logarithm ln(M/φ) being of order 1/g. It is shown that the BCS
logarithm arises from integrating over intermediate scales, Λ1 < ξ < Λg¯. This observation is useful for estimating
numerous integrals. Note, however, that in the full QCD gap equation one also has the gluon propagator under the
integral. Then the region Λ1 < ξ < Λg¯ is additionally enhanced.
The contributions arising from ρφ(ω) in the gap equation are suppressed, because the oddness of ρφ(ω), cf. Eq.
(A10c), prevents the generation of the BCS logarithm. At many places, cf. Eqs. (59,60,62,65,66,71,77), this oddness
gives rise to logarithmic dependences of the following form
Λ0∫
Λ1
dξ
ξ
ln
∣∣∣∣ξ + Λyξ − Λy
∣∣∣∣ =
Λy∫
Λ1
dξ
ξ
ln
(
ξ + Λy
Λy − ξ
)
+
Λ0∫
Λy
dξ
ξ
ln
(
ξ + Λy
ξ − Λy
)
, (C3)
where 0 ≤ y ≤ 1. To show that the BCS logarithm is prevented we introduce the dilogarithm [37]
Li2(x) ≡
0∫
x
dξ
ξ
ln(1 − ξ) , (C4)
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which has the values − 112π2 ≡ Li2 (−1) ≤ Li2 (x) ≤ Li2 (1) ≡ 16π2 for −1 ≤ x ≤ 1. We write the first term on the
r.h.s. of Eq. (C3) as
Λy∫
Λ1
dξ
ξ
ln
(
ξ + Λy
Λy − ξ
)
=
1∫
Λ1/Λy
dξ
ξ
ln
(
1 + ξ
1− ξ
)
=
π2
4
+ Li2
(
−Λ1
Λy
)
− Li2
(
Λ1
Λy
)
. (C5)
Since 0 < Λ1/Λy ≤ 1 this term is of order one and no BCS logarithm has been generated in this term. The second
term on the r.h.s. of Eq. (C3) is
Λ0∫
Λy
dξ
ξ
ln
(
ξ + Λy
ξ − Λy
)
=
Λ0/Λy∫
1
dξ
ξ
ln
(
1 + ξ
ξ − 1
)
= −
Λy/Λ0∫
1
dχ
χ
ln
(
1 + 1/χ
1/χ− 1
)
=
π2
4
+ Li2
(
−Λy
Λ0
)
− Li2
(
Λy
Λ0
)
. (C6)
In the second step one substituted χ ≡ 1/ξ with dχ/χ = −dξ/ξ. Similarly to Eq. (C5), 0 < Λy/Λ0 ≤ 1. Hence, also
this term is of order one and no BCS logarithm has been generated here, either.
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